A t-design h; t-d-n is a system of subsets of size d (called blocks) from an n-set S, such that each t-subset from S is contained in precisely X blocks. A Steiner system S(I, m, n) is a t-design with parameters 1; l-m-n. Two Steiner systems (or t-designs) are disjoint if they share no blocks. A search has been conducted which resulted in discovering 9 mutually disjoint S(5,8,24)'s, 24 mutually disjoint S(4, 7,23)'s, 60 mutually disjoint S(3,6,22)'s, and 197 mutually disjoint S(2,5,21)'s. Taking unions of several mutually disjoint Steiner systems will then produce t-designs (with varying h's) on 21, 22, 23, and 24 points.
INTRODUCTION
A Steiner system S(I, m, n) is a system of subsets of size m (called blocks) from an n-set S, such that each Z-subset from S is contained in precisely one block. A t-design, denoted by h; t -d -n, is a system of subsets each of size d from an n-set S, such that each t-subset from S is contained in precisely X blocks. Hence a Steiner system S(Z, m, n) is a 1; I -m -n. In addition to being esthetically interesting, Steiner systems and t-designs have been useful in error-correcting code theory, and are related to certain remarkable finite groups (see [2] , [4] , [5] , [6] , [9] ).
From an S(I, m, n) one constructs a derived system S(I -1, m -1, n -1) by selecting those blocks of the S(Z, m, n) which contain a fixed element. This element is then discarded from these blocks producing blocks of size m -1 from an (n -I)-set. This is easily seen to be an S(1-1, m -1, n -1). 39
KRAMER AND MAGLIVERAS
The question of what are the maximal sets of mutually disjoint S(5, 6, 12)'s and their derivative systems, has been settled by Kramer and Mesner [7] . In addition to determining all possible ways in which S(5, 6, 12)'s and their derivative systems intersect in blocks, they have established the following:
(i) the maximal number of mutually disjoint S(5, 6, 12)'s is TWO and any two such pairs are isomorphic;
(ii) the maximal number of mutually disjoint S(4, 5, 11)'s is two and any two such pairs are isomorphic;
(iii) the maximal number of mutually disjoint S(3, 4, 10)'s is five and any two such sets of five are isomorphic; (iv) there are exactly two non-isomorphic ways of partitioning all 3-subsets of a 9-set into seven mutually disjoint S(2, 3, 9)'s.
The concern of this paper is to obtain large sets of mutually disjoint S ] has shown that any two S21+i's are isomorphic, i.e., given S21+i and S,,+i , there is a permutation 01 of the symmetric group Ys,+i on (21 + i) symbols such that S&+i = S,r+j . The automorphism group of S,, is the Mathieu group h4,, , of S,, is M23 , of S,, is R,, , and of S,, is PrL,(4) (see Liineburg [S] ). Here ( M24 j = 21° . 33 * 5 * 7 * 11 * 23, IMz3/ =27*32.5*7.11~23, Iil;i,,I =2*.32.5*7.11, and 1 PI'L,(4)1 = 2' . 33 . 5 . 7. If G2,+i denotes the automorphism group of S2,+i , and since Y2,+i acts transitively on the collection of all S21+i's, the number of distinct S21+i's is 1 Cv2,+i l/l G,,,, 1 . For S,, this number is approximately 2.534 x 1015.
ESTIMATING PROBABILITIES OF DESIGNS BEING DISJOINT
There is a total of 969.b,,+, = ("$8) (5 + Q-subsets of a (21 + Q-set. Let S21+i be our initial design. If B is a block of size 5 + i, then the probability that B $ S,,,, is q = 968/969. Now let S,,+i be some S(2 + i, 5 + i, 21 + i). If one made the assumption that the event of a block B, of S2,+i lying outside of S2,+i is independent of whether or not the other blocks of S,,+i lie outside of S21+i , then the probability p21+i that no blocks of S,,+i are in S2,+i (i.e., that the two designs are disjoint) would be qbil+L. Then p24 = .4567, pz3 = .7701, pz2 = .9236, and p2r = .9786. Though there is clearly dependence here, the values ofp,,,, suggest that, if two designs are chosen at random, their chances of being disjoint are quite good. For each i E 10, I, 2, 3) a computer run of 1000 designs, consisting in choosing permutations 01 at random and checking the intersection between S,",+i and S2,+i , gave rise to the intersections displayed in Table I . The final column gives the observed probability that a design is disjoint from an initial design. Except for the estimated probability p24 = .4567, there is close agreement between the estimated and observed probabilities. It is interesting to note the absence of intersections of cardinality 6 or 8 among the S(5, 8,24)'s. In view of the large number of S,,'s and derivative systems, it would appear that the problem of characterizing intersections between these systems is a difficult one.
SEARCH FOR DISJOINT DESIGNS
A search for sets of mutually disjoint Steiner systems was conducted as follows: After k mutually disjoint designs had been found, a permutation cl E ,y21+i was sampled at random, and the design S,P+, was tested for being disjoint from the k designs. Using the (i + 2)-fold transitivity of the automorphism group of a given ,cS,,+~ , we may assume here that OL fixes all KRAMER AND MAGLIVERAS points greater than 19. If the design was not disjoint from each of the initial k designs, it was discarded and a new permutation was sampled until a set of (k + 1) mutually disjoint designs was obtained. A set of k mutually disjoint Sz4's yields, after derivation, a set of k mutually disjoint S23's, etc. Such sets of k derived designs were then used as a starting point for getting larger sets of mutually disjoint derived designs. Table II gives the number of mutually disjoint designs found by our search. Time and cost considerations made further search seem unprofitable. Table III. The other 60 permutations yielding disjoint S(3,6,22)'s and the 197 permutations yielding disjoint S(2, $21)'~ are available from the authors.
It is clear that our sets of mutually disjoint Steiner systems give rise to the following r-designs: A; 4-l-23 l<.X<24
A; 3-6-22 l<X<60
A; 2-5-21
< x Q 197
It is interesting to speculate whether it would be possible to find a partition of all (",') 5-subsets of a 21-set into 969 mutually disjoint S(2, 5,21)'s. The analogous partitioning for the set of 84 = (3 3-subsets into 7 mutually disjoint S(2, 3, 9)'s is possible in exactly 2 non-isomorphic ways (see [7] ).
